The method of large spin perturbation theory allows to analyse conformal field theories (CFT) by turning the crossing equations into an algebraic problem. We apply this method to a generic CFT with weakly broken higher spin (HS) symmetry, to the first non-trivial order in the breaking parameter. We show that the spectrum of broken currents, for any value of the spin, follows from crossing symmetry. After discussing a generic model of a single scalar field, we focus on vector models with O(N ) global symmetry. We rediscover the spectrum of several models, including the O(N ) WilsonFisher model around four dimensions, the large O(N ) model in 2 < d < 4 and cubic models around six dimensions, not necessarily unitary. We also discuss models where the fundamental field is not part of the spectrum. Examples of this are weakly coupled gauge theories and our method gives an on-shell gauge invariant way to study them. At first order in the coupling constant we show that again the spectrum follows from crossing symmetry, to all values of the spin. Our method provides an alternative to usual perturbation theory without any reference to a Lagrangian.
Introduction
Over the last few years there has been great interest in understanding the general structure of the spectrum of dimensions in interacting conformal field theories (CFT). An interesting question is which universal features can be understood from general assumptions, such as conformal invariance and associativity of the operator algebra [1] [2] [3] . A beautiful result along these lines is the additivity property for the large spin sector of a generic CF T d>2 [4, 5] . If the theory contains two operators with twists τ 1 and τ 2 , then it also contains an infinite tower of operators whose twist approaches τ 1 + τ 2 for large spin. This is a nice result, but it also implies that the spectrum of a generic interacting CFT is quite complicated. In order to understand this let us consider for simplicity a single scalar field ϕ. Associativity of the operator algebra together with the presence of the identity operator in the OPE ϕ×ϕ implies that this OPE must also contain a tower of higher spin operators
schematically of the form [ϕ, ϕ] n,ℓ ∼ ϕ n ∂ µ 1 ···µ ℓ ϕ and whose dimension approaches twice the dimension of ϕ for large values of the spin in a prescribed manner:
see also [6] . However, for the same reason, the CFT should also contain towers of the form [ϕ, [ϕ, ϕ] n ′ ,ℓ ′ ] n,ℓ , and so on! In particular it should posses infinite accumulation points in the spectrum of twists.
A method to study CFT around points of large twist degeneracy was introduced in [7] . The idea is that accumulation points can be studied by introducing twist conformal blocks H (0) τ (u, v), which encode the contribution from towers with unbounded spin and a given twist. Schematically, four point correlators admit the following decomposition
1/ℓ corrections to accumulation points can be studied by introducing a sequence of functions H τ (u, v) around u, v = 0, we can transform the crossing equations into an algebraic problem. Note that this regime can only be reached in Minkowski space-time. This method is most powerful in theories with a small parameter, which further organises the contributions from the accumulation towers mentioned above.
In this paper we will apply the method of [7] to study CFT with weakly broken higher spin (HS) symmetry. In the first class of models we assume the existence of a fundamental field satisfying ∂ µ ∂ µ ϕ = 0 and a tower of conserved currents J (ℓ) with twist τ = d − 2 at the HS symmetric point . As we break HS symmetry by a small parameter g, the fundamental field and currents may acquire an anomalous dimension
We study which spectra are consistent with associativity of the operator algebra and the symmetries of the problem. Our method does not rely in a Lagrangian description and is based on general assumptions:
• HS symmetry at g = 0, with a fundamental free field and HS conserved currents.
• Associativity of the operator algebra.
• Exact Conservation of the stress tensor.
• Exact Invariance under any additional global symmetries.
Our strategy is to study the four point correlator of the fundamental field. The solutions to crossing split into two pieces: a solution unbounded in the spin, which can be obtained by following [7] , plus a solution with finite support in the spin. The later is much simpler to analyse and is particularly simple for the case at hand. As a result, with this simple set of assumptions we are able to rediscover the spectrum, to order g 2 and for any values of the spin, of several models studied in the literature, in dimensions d > 2.
In the second class of models we assume the fundamental field ϕ is not part of the spectrum. This is the case of weakly coupled gauge theories. We focus on an almost free four-dimensional theory and study the consequences of crossing for the four point correlator of ϕ 2 = J (0) . Again, crossing symmetry fixes the spectrum of broken currents for all values of the spin. In particular it implies the presence of Harmonic numbers (as opposed to any other functions with logarithmic behaviour) a result observed in several theories where conserved currents are "single-trace" operators. This paper is organised as follows. In section 2 we study a generic model with a single scalar field in d dimensions and no global symmetries. In section 3 we consider several models with global symmetries and in various dimensions. We are able to rediscover the spectrum of various examples in the literature. Namely, the O(N) Wilson-Fisher model around four dimensions, the large N critical O(N) model in 2 < d < 4 and cubic models around six dimensions. In section 4 we analyse a model where the fundamental field is not part of the spectrum. The body of the paper includes also some conclusions. Appendix A contains a detailed discussion of the relevant twist conformal blocks, while appendix B constructs all relevant solutions to crossing with finite support on the spin.
CFT with weakly broken HS symmetry

HS symmetric point
In a generic d−dimensional CFT, the scaling dimensions of primary operators satisfy unitarity bounds. For a scalar operator ϕ and tensors J (ℓ) in the symmetric traceless representation of SO(d) these bounds take the form
When these inequalities are saturated the operators satisfy a conservation equation. In the case of currents, their divergence vanish ∇ · J (ℓ) = 0 , and hence they are conserved currents. In the case of a scalar operator, it satisfies the equations of motion ∂ µ ∂ µ ϕ = 0. In this paper we will consider a generic CF T with a whole tower of conserved currents, together with a fundamental field ϕ saturating the unitarity bounds. We will use crossing symmetry to compute the spectrum of this theory as we break HS symmetry. Our starting point is the four point function of fundamental fields at the HS symmetric point which should be valid to all orders in v. Plugging this into the above equation fixes the form of the singular term. The term that does not depend on v can also be fixed by the above equation, up to a constant, which is then fixed by normalising the contribution from the identity operator to 1. Positive terms in v, of the form v α h(u) are forbidden, since they would leave to singular terms upon u → u/v, v → 1/v. This leads to the final result (12) .This also agrees with the expectation that correlators in a CFT with HS symmetry should coincide with the ones in a free theory [8] . From the explicit answer for the correlator we can compute the OPE coefficients a (0) ℓ . In order to do this it is sufficient to know the conformal blocks in the small u limit, given by the collinear conformal blocks in any number of dimensions [9] . We find
one can check that this result agrees with the HS invariant given in [10] .
At the HS symmetric point there is a large degeneracy in the twist. In particular, the conserved currents form a tower of intermediate operators, which is unbounded in the spin and has degenerate twist τ = d − 2. In such situations it is convenient to define a twist conformal block H (0) τ (u, v), which resums the contribution to the four-point correlator from a given twist. In this language
where H
0 (u, v) = 1 and
As an aside remark, note that H
0 (u, v) and H
d−2 (u, v) also coincide with the HS conformal blocks, see [7] .
Before proceeding let us mention that there are interesting examples with an infinite tower of conserved currents J (ℓ) but where the fundamental field is not part of the spectrum. An example of this are weakly coupled gauge theories. In this case the simplest correlator to study is that of four J (0) . We will return to this case in section 4.
Breaking HS symmetry -order g
Let us now break HS symmetry. We assume we do so by a small parameter g. We furthermore assume that at this order no new operators enter in the OPE ϕ × ϕ. This assumption will be relaxed at the next order. As we turn on g, the conserved currents, together with the external operator, may acquire an anomalous dimension:
Which can also be written as
Let us analyse corrections to the spectrum consistent with this condition. It is then convenient to extend the twist conformal blocks to the sequence of functions H
, defined exactly in the same way, with an extra spin-dependent insertion:
with τ = d − 2. The properties of this sequence of functions are studied in appendix A. Let us now assume that the anomalous dimensions γ
admit an expansion in inverse powers of the spin
The piece proportional to log u on the l.h.s. of the crossing relation (21) then admits the following decomposition
This contains two contributions. One arising from solutions which are not truncated in the spin, which admit an expansion in 1/ℓ. Another corresponding to solutions γ f.s. ℓ with finite support on the spin. The spectrum of anomalous dimensions to all orders in 1/ℓ is encoded in the coefficients B ρ . The twist conformal blocks are studied in appendix A where the expansion of H (21), we see that the only solution with unbounded support in the spin corresponds to the uniform solution γ
This should be valid to all orders in 1/ℓ. Let us now turn to solutions with finite support on the spin. These are studied in appendix B. For d = 4 there are no solutions. If we furthermore require that the stress-tensor is conserved, namely γ is still unambiguous and hence conservation of the stress-tensor leads to the same constraints as before. In summary, at order g we find
Order g 2
Let us now analyse the crossing equations to order g
where we have used γ
(1) ϕ = 0, determined above. As we have seen, there is a distinction between d = 4 and d = 4. Let us analyse first the case d = 4. From the decomposition in conformal blocks for G (2) (u, v) we can read off the term proportional to log 2 u
Note that this piece depends only on the solution at order g. This leads to the following piece proportional to log 2 u log v
where we have used the explicit form of the conformal block g 2,0 (u, v) in four dimensions. This term leads to the following contribution on the r.h.s of the crossing relation:
On the r.h.s. there are two terms, proportional to log u/v and log 2 v log u whose divergence as v → 0 is enhanced with respect to the divergence of a single conformal block. Hence, they should arise from an infinite sum over the spins on the l.h.s. In other words, the correction to order g 2 to the anomalous dimensions of the currents should be such that
Using the results in appendix A for the twist conformal blocks in four dimensions, this problem is very easy to solve. We find
while all other B ρ vanish. This leads to the following anomalous dimensions for the currents at order g 2 :
where we have used the form of the collinear spin in this case J 2 = ℓ(ℓ + 1). This result is valid to all orders in 1/ℓ. Actually, from the form of the solutions with finite support, found in appendix B, it follows this result should be valid for all ℓ > 0 and the only freedom is in γ
Since the theory is assumed to be conformal, it should have a conserved current of spin two, the stress tensor. This implies γ 
12
(34)
In summary, to order g 2 we have fixed the spectrum of intermediate operators, and even that of the external operator, in terms of the dimension of ϕ 2 :
Let us now analyse the case d = 4. In this case
In order to have non-trivial solutions new operators must appear in the OPE of ϕ with itself at this order. Let us assume we have a new operator χ
This will lead to the following term in
where the OPE coefficient a ϕ 2 χ is of order g 2 by assumption. The presence of this term will generally lead to a divergence on the r.h.s. of (36) which can only be matched with the correct behaviour for γ (2) ℓ . Note that this is true for generic, not necessarily small τ χ : also an irrational power of v can only be obtained by summing an infinite number of conformal blocks. In order to exploit this fact we can look for the term proportional to log u on both sides of the crossing equation (36)
The first term on the r.h.s will lead to the uniform contribution proportional to γ can be fixed by looking at the leading term for small v:
The u dependence on both sides only matches provided χ is a scalar operator with ∆ χ = 2 classically 2 . Note that in a Gaussian model with a cubic interaction µϕ 2 χ this fact would follow from Lorentz and classical scale invariance. Here the same result arises from crossing symmetry. We obtain
where we have used ∆ χ = 2. In order to solve for B ∆χ 2 +m for m > 0 we can use the expression for the conformal block of a scalar operator in d dimensions, given in [16] , together with the expansions for H , it turns out they all vanish except for the first one! We then arrive to the following result
valid for all values of ℓ. If furthermore we impose the constraint of conservation of the spin two current γ ϕ and a ϕ 2 χ . In this case
After this general discussion, let us turn our attention to specific examples with extra symmetries. Each example below will turn out to be a full fledged CFT and interesting on its own right.
Examples
In the following we will consider several specific examples with global symmetries. All these examples will turn out to be equivalent to Lagrangian theories with a small coupling constant g, such that at the point g = 0 the theory is free and possesses HS symmetry. As we turn on g the fundamental fields and conserved currents acquire anomalous dimensions. These anomalous dimensions have been computed by a variety of methods. Our aim is to reproduce these results solely from the crossing equations consistent with the global symmetry in each case, and the set of assumptions mentioned at the introduction. In particular, we will not make reference to the Lagrange description or the equations of motion.
Wilson-Fisher model
Let us start with a model of N scalar fields ϕ i with global O(N) symmetry in d = 4 − ǫ dimensions. Let us discuss first the case of a single scalar field and repeat the previous discussion around four dimensions 3 . The general method above can be directly applied to the four point function
(44) 3 To the order we consider in the breaking parameter the relevant conformal blocks, and twist conformal blocks, are still four dimensional.
which at the HS symmetric point is
The sequence of functions H (m) 2 (u, v) can be constructed directly in d = 4, as done in appendix A. We can then consider corrections to first order in g. The piece proportional to log u admits the following expansion
where the spectrum of the anomalous dimensions to all orders in 1/ℓ is encoded in the coefficients B ρ . An important feature of the four-dimensional twist conformal blocks H
2 (u, v) is that they always contains a piece proportional to log 2 v for ρ > 0. This piece cannot be possibly reproduced by anything on the dual channel. Hence, it has to be absent. As a result, the anomalous dimensions γ 
The analysis to order g 2 is also exactly as before and we end up with the spectrum (35).
The generalisation to the O(N) model is relatively straightforward. In this case we consider the four point correlator of the fundamental field ϕ i :
Crossing symmetry implies
Intermediate states decompose into representations of the O(N) global symmetry
where S, T, A denote the singlet, traceless symmetric and anti-symmetric representations of O(N) respectively. The crossing relations decompose accordingly. Written in terms of
Furthermore, each component admits a decomposition in conformal blocks over the intermediate states transforming in the corresponding representation. At g = 0 the four-point function is simply
which leads to
the intermediate operators include the identity operator and the conserved currents in the singlet, symmetric traceless and anti-symmetric representations J
A , where the spin is even for the first two representations and odd for the anti-symmetric one. From the explicit expression for the correlator at g = 0 we can perform the expansion in conformal blocks and compute the corresponding OPE coefficients. For the traceless currents the OPE coefficients take exactly the same form (14) , with d = 4, while the OPE coefficients for the singlet currents J (ℓ)
S have an additional factor 1/N. At g = 0 the currents acquire anomalous dimensions γ S,ℓ , γ T,ℓ , γ A,ℓ . Conservation of the stress tensor implies γ S,2 = 0, while conservation of the global current implies γ A,1 = 0. The analysis at order g is very similar to the one performed above. One can see that the only solution with infinite support in the spin is the uniform solution, proportional to γ ϕ . Then conservation of the stress tensor implies γ ϕ = 0 at this order. Again, we have one solution with finite support, which corresponds to an anomalous dimension for γ S,0 ≡ γ ϕ 2 S and γ T,0 ≡ γ ϕ 2 T . The last equation in (51) gives a relation between them, so that
For some parameter α which measures the departure from the free theory. In order to consider the problem at order g 2 it is convenient to write the crossing equations as
The one-loop anomalous dimensions (54) produce the term
on the r.h.s. of the crossing equations, where γ the anomalous dimensions for the currents as an expansion in 1/ℓ, to all orders. Since when adding finite-support solutions the only freedom is in the dimension of ϕ 2 , these results are valid for all ℓ > 0, exactly as discussed in the previous section. We find the following explicit expressions:
T,ℓ = 2γ
A,ℓ = 2γ
(57) Requiring the stress tensor to be conserved gives a further relation
which automatically leads to convervation of the O(N) symmetry γ 
The IR fixed point of the theory is denoted the Wilson-Fisher point and occurs at g =
At the point g = ǫ = 0 the theory is free and possesses HS symmetry. As we turn on g the fundamental field and conserved currents acquire anomalous dimensions. These anomalous dimensions have been computed long ago in [11] and they are:
In perfect agreement with our results.
Large N critical O(N ) model
Let us now study a model in 2 < d < 4 dimensions with O(N) global symmetry in the limit of large N. 1/ √ N will play the role of the small coupling constant. In order to apply our machinery we study the four-point correlator G ijkl (u, v) exactly as above. Since d = 4 it follows that there are no non-trivial solutions to the crossing equations to order 1/ √ N and also that γ ϕ vanishes at this order. We can then expand the correlation functions as a series in 1/N and study crossing order by order. From the explicit expressions for the correlators at N = ∞ we have
The intermediate operators at leading order are the identity operator and the symmetric traceless and anti-symmetric conserved currents J (ℓ)
A with spin even and odd respectively and twist d − 2. The crossing equations imply
The operators with the lowest twist exchanged on the r.h.s. of this equations are the currents, of approximate twist τ = d − 2. Hence, in the limit v → 0 we obtain
where the dots denote regular terms, or which diverge as much as a single conformal block. The intermediate operators contributing to G
S (u, v) are the currents transforming in the singlet representation of O(N). From the divergent behaviour above it follows their OPE coefficient is equal to the OPE coefficient of the symmetric traceless representation, times the factor 1/N. This is valid to all orders in 1/J 2 , where
. In addition, very much as in section 2, the crossing equations are consistent with the exchange of a scalar operator, which we denote by σ, of classical dimension two and in the singlet representation of O(N). This leads to the term
Note that σ enters with its classical dimension, since the OPE coefficient is already of order 1/N. We cannot fix the parameter a ϕ 2 σ from crossing alone. a ϕ 2 σ = 0 corresponds to the free theory. Let us see the consequences of this term. To order 1/N the external operators as well as the currents acquire anomalous dimensions 4 :
The discussion at order 1/N for the symmetric traceless and anti-symmetric currents goes along the same lines as the discussion in section two for d = 4. The presence of σ in the singlet 4 Since there are no corrections to order 1/ √ N , we denote by γ
ϕ , etc, the corrections to order 1/N .
channel produces a correction to the dimensions of the traceless currents, see the crossing equations for O(N) given in (55). In addition we have the uniform solution, proportional to γ
ϕ . As a result we obtain
As for the general discussion in section two, we don't have the freedom to add solutions with finite support in the spin, so that this result is valid for all values of ℓ. Conservation of the global O(N) symmetry implies γ 
ϕ and the OPE coefficient a ϕ 2 χ leaving us with a single free parameter. We end up with
The analysis of 1/N corrections to the dimension of currents in the singlet representation is more involved, since they appear at the next order in a 1/N expansion. In order to analyse them we expand the crossing equations (55) to order 1/N 2 and focus in the relevant contributions to G (2)
The first two terms lead to exactly the same result as for the traceless representations (69).
The last contribution, which we denote G
T −A (v, u), is more interesting. The anomalous dimensions (69) lead to a contribution proportional to log 2 v, which can be exactly computed. This contribution is given by
We will furthermore focus in the contribution proportional to log u. As explained in appendix A the only twist conformal block that contributes is H
T −A,d−2 (v, u). The corresponding contribution to the anomalous dimensions of the currents in the singlet representation is then given by
The extra factor of N on the r.h.s. arises because the OPE coefficients of currents in the singlet representation are suppressed by this factor. The precise structure of divergences can be reproduced provided ρ = d−2 2 + n, with n = 0, 1, · · · . From the results in appendix A we can construct the relevant twist conformal blocks to arbitrary high orders and solve for
For the first few cases we obtain
and so on. With enough patience one can compute B d−2 2 +n for arbitrarily large n, and we have computed many. The computation is simplified by noting that acting with D sat on both sides of (72) gives zero. This allows to find recursively the coefficients B d−2 2 +n once the first two are found. The resulting expression for the anomalous dimensions can be resummed into the following expression
. So far we have fixed the anomalous dimensions of the currents of all representations in terms of γ (1) ϕ and N. As for the previous section, we don't have to freedom to add solutions with finite support on the spin. Hence, these results are valid for all values of the spin. It turns out we can do even better than this. By requiring conservation of the stress tensor we have γ 
2γ
(1)
One solution is the result for the free theory. The other solution agrees with the known expression for the critical N O(N) model in the large N limit! This model is conveniently described by the following action
where σ is an auxiliary scalar field of classical dimension ∆ σ = 2 + · · · . The anomalous dimensions for all the currents have also been computed [12] and they perfectly agree with our results.
Before concluding with this example, we would like to make the following remark. The method of large spin perturbation theory gives the anomalous dimensions as a series expansion in 1/J 2 , sometimes asymptotic. In order to re-sum this series unambiguously, as in (74) we need to provide extra information. The claim is that (74) is the unique function with the correct asymptotics and which is analytic in the half-plane 4J
Note that this excludes the point ℓ = 0. This is actually quite nice, because in the critical model the operator ϕ i ϕ i , scalar, singlet of O(N) and of classical dimension d − 2, is absent. In the free theory γ 
Cubic models in d = 6 − ǫ
Let us now consider models in six dimensions. Let us start with a single fundamental field ϕ. In this case ϕ has dimension 2 at the HS symmetric point, and crossing symmetry admits solutions where ϕ is present in the OPE ϕ × ϕ. Our discussion in section 2 applies and the anomalous dimensions of the broken currents is exactly given by (42), with d = 6 and the OPE coefficient replaced by a ϕϕϕ . Conservation of the stress tensor implies γ 2 = 0 and we arrive to the final result
This exactly agrees with the known result for the theory of a single scalar and cubic La-
This model has a non-unitary IR fixed point and its continuation to ǫ → 4 describes the Lee-Yang edge singularity in the Ising model [13] . Note that provided we are close to a HS symmetric point we can apply our method, without assuming the model is unitary.
We could also consider a model of N scalar fields ϕ i with O(N) symmetry, coupled to a singlet scalar field σ. In six dimensions also a cubic potential for σ is allowed. An example of this is the cubic model in d = 6 − ǫ dimensions and O(N)-invariant cubic interactions [14] 
For large enough N pertubative fixed points exist with g 1 , g 2 ∼ ǫ 1/2 . The free theory contains two independent towers of O(N)−singlet conserved currents, of the schematic form
The interaction term proportional to g 1 induces a mixing between these currents. In addition, we have the usual symmetric traceless and anti-symmetric currents. In order to apply our formalism we can again consider the four point correlator of fields ϕ. Most of our previous discussion goes through and can be performed directly in six dimensions. At order g ∼ g 1 , g 2 we find that the only allowed solution to crossing takes the form
Conservation of the global O(N) symmetry then implies γ (1)
A,1 = 0 and hence the above anomalous dimensions vanish at order g. At order g 2 crossing symmetry allows the presence of a new scalar operator of classical dimension two in the singlet channel. This leads to a contribution with exactly the form (42) in d = 6:
Conservation of the global current then leads to a further constraint and to the final result
Which is in perfect agreement with the result for the cubic model, see [15] . Degeneracy makes the discussion of the singlet currents a bit more complicated. One should apply the procedure used here to mixed correlators involving also the field σ. We will not do this here, but we don't expect any obstacles.
Before concluding this section, note an interesting point. The discussions that led to (77) and (84) are almost identical, except in the first case we require conservation of the stress tensor, while in the second conservation of the global currents, hence the different factors in the numerator.
A simple model of weakly coupled gauge theory
In this section we will discuss a scalar model in d-dimensions with weakly broken higher spin symmetry, but such that the fundamental field ϕ is not part of the spectrum. An example of this would be a sector of weakly coupled gauge theories. In order to apply the formalism developed in [7] we consider the four point correlator of J (0) . For definiteness we can think of an almost free theory, where J (0) = ϕ 2 . Let us assume for simplicity that ϕ 2 does not receive corrections. The extension to the case in which ϕ 2 is not protected is straightforward. The four point function is
The explicit result in the free theory can be found in [16] . At the HS symmetric point we can decompose this correlator in twist conformal blocks
where c is proportional to the central charge of the theory and we have kept only the leading twist contribution, which arises from the HS conserved currents. Note that the form of
is exactly as before, up to an overall factor. Consequently, the OPE coefficients a (0) ℓ also agree with (14) times 1/c. Note that crossing symmetry maps the divergent part of H (0) d−2 (u, v) to itself. As discussed in [17, 18] , this is still true as we turn on the coupling. We will revisit the discussion of [17, 18] in view of the technology developed here. As we turn on the coupling the conserved currents acquire anomalous dimensions. In the direct channel we can study the spectrum by focusing in the piece proportional to log u. On the other hand, in the dual channel we can study the spectrum by focusing in the piece proportional to log v. This leads to the following relation
which arises from the crossing equation projected over the piece proportional to log u log v in a small u, v expansion, and the equation is understood to include only the divergent contributions. The coefficients B ρ encode the large spin expansion of the anomalous dimensions. First we note the following simple fact: the small v behaviour of the r.h.s implies a divergence v (u, v), with a log J insertion, on the l.h.s. and hence a logarithmic behaviour for the anomalous dimensions. Furthermore, the twist conformal blocks
For m = 0 only the first term for small v contains a log v. We see that the term with m = 0 is allowed and will give a crossing symmetric contribution. On the other hand, none of the terms with m > 0 will. So that the anomalous dimensions contain a logarithmic divergent piece, but no term going like 1/J n log J, at first order in the coupling.
Let us now focus in the problem in d = 4. We will use holomorphic variables, where the divergent contribution to twist conformal blocks factorises. The divergent contribution at zero order from the conserved currents is given by
where τ = 2. Following [19, 20] it is convenient to define new OPE coefficients given by
As we turn on the coupling there are two kind of contributions. One arising from corrections to the OPE coefficientsâ ℓ , and the other arising from the anomalous dimensions γ ℓ . As shown in the appendix A to [19] , the corrections to the dimensions have the effect of shifting the factor τ in z τ /2 Fτ−2 2 in the expression for H
2 (z,z), while keeping the τ index inH
5 Setting τ = d − 2 + γ we obtain:
We then assume that the OPE coefficientsâ ℓ and the anomalous dimensions γ ℓ admit an expansion (were also log J terms are allowed)
This leads to the following contribution to G (1) (z,z) from the HS (now broken) currents
where only terms with enhanced divergence respect to a single conformal block are kept. We can write the crossing symmetry equation as
This should be interpreted as an equation for the coefficients A ρ , B ρ . Now we make the following observation. The r.h.s contains a divergence
. This implies the presence of 5 In [19] this was proven to first order in z. The proof to all orders in z goes in exactly the same way. The basic reason is that the divergent factorH
τ (z) can be decomposed into anti-holomorphic conformal blocks depending only on J and not ℓ and τ separately, so that the dependence on the anomalous dimension can be reabsorved into the proper definition of J. See appendix A to [19] . ρ = (0, log J) on the l.h.s., see appendix A . On the other hand, this generates a log 2 (1 −z) term which is absent on the r.h.s. This term should be canceled by the appropriate linear combination of H (ρ) τ (z) with ρ = 1, 2, 3, · · · . In other words, we need to consider
and this should not contain a log 2 (1 −z) piece. From the results in appendix A we can solve iteratively. We find
and so on. The attentive reader will notice that these are the coefficients of the expansion of S 1 (ℓ) in inverse powers of J 2 = ℓ(ℓ + 1) where S 1 is the harmonic number! In this casē
which indeed is consistent with crossing symmetry. In addition, we can have a uniform contribution. A similar reasoning applies for corrections to the OPE coefficientsâ (1) ℓ . In summary, crossing symmetry for the present models leads to a correction of the form
where c 1,2,3 are numeric constants. This follows just from the analysis of the enhanced divergent terms. We have studied finite support solutions in this case. Although there are truncated solutions in the spin, none of them contributes to the leading twist operators. As a result, the results above should be valid also for finite values of the spin. Written in terms of the usual OPE coefficients a ℓ = a
ℓ + · · · the corrections above take the form
So that we have fixed the whole spectrum of broken currents, and their OPE coefficients, in terms of three numerical constants. There is still two more constraints we should impose, namely
The first relation is conservation of the stress tensor. The second arises from the known expression for the three point function between two J 0 and the stress tensor: it is known that this OPE is universal and depends only on the dimension of the operator and the central charge c T . Note that the central charge of the theory will enter through the second constraint. For the specific case at hand d = 4. This allows to fully write the answer, for all values of the spin, in terms of a single parameter! which has the interpretation of the coupling constant.
Let us compare our results to the known results for N = 4 SYM. This theory has an SO(6) R−symmetry group and the scalars ϕ I transform in the fundamental representation of SO (6) . The bilinear currents made out of the fundamental field decompose again into the singlet, symmetric traceless and anti-symmetric representations. N = 4 SYM also contains fermions and gauge bosons. It turns out the currents transforming in the singlet and the anti-symmetric representation mix with currents made out of fermions and gauge bosons. On the other hand, currents in the symmetric traceless representation
are non degenerate. To the order we have worked our results should apply to these currents. The current is BPS for ℓ = 0, since then it is the super-conformal primary of the stress-tensor multiplet. This implies c 1 = 0 above. In addition, the three point function of three BPS operators is also protected, so that a
(1) 0 = 0. This leads to the final answer
Which precisely agrees with the known results! (see [21] for the computation of the OPE coefficient).
Conclusions
In the present paper we have studied conformal field theories with weakly broken HS symmetry. At the HS symmetric point we assume the existence of a fundamental field satisfying the free equations of motion ∂ µ ∂ µ ϕ = 0 and a tower of conserved currents J (ℓ) . As we break HS symmetry these currents and the fundamental field acquire an anomalous dimension. We consider the four-point correlator of the fundamental field and find the spectrum, to all values of the spin, consistent with crossing symmetry and the presence of a conserved stress tensor. Our method uses only the symmetries of the problem. After studying a generic model with a single scalar field, we consider several examples with global symmetry, in various dimensions, to rediscover the spectrum of several Lagrangian systems, although no Lagrangian was assumed. We then study models where the fundamental field is not part of the spectrum. This case is relevant to study weakly coupled gauge theories. The anomalous dimensions of the broken currents have a different behaviour, involving Harmonic numbers. In all cases crossing symmetry fixes the spectrum of broken currents to all values of the spin, in terms of a single parameter, which can be though of as the coupling constant. Our method provides an alternative to usual perturbation theory and does not rely on a Lagrangian description.
There are several directions one can pursue. The most obvious one is to generalise the results of this paper to higher orders in the breaking parameter g. As we do this, new operators will enter in the OPE ϕ × ϕ and the treatment becomes in principle more complicated, although we expect this to be a technical obstacle, not conceptual. At the order we have considered in this paper the appearance of such operators is not relevant. It would be interesting to develop a set of diagrammatic rules that allow to compute the spectrum to higher orders.
It would be interesting to consider two-dimensional models with HS symmetry. An interesting example would be the non-linear sigma model. In this case d − 2 → 0 and we expect the power law behaviour with the spin to become logarithmic. Indeed this agrees with the explicit results [15] . One may be able to understand this case by carefully considering a limit of the cases studied here, but the limit may be subtle. Another interesting extension would be to consider almost free fermions. This would allow to study, for instance, the Gross-Neveu and related models.
It would also be interesting to understand what more can be said about weakly coupled gauge theories. In this case there is no fundamental field but there is still a tower of almost conserved currents. Conformal gauge theories have been studied in the past by similar methods [17, 18, 20] , and we have shown in this paper that the methods of [7] generalise these results to all values of the spin. We find it remarkable that both the spectrum and OPE coefficients of leading twist operators can be completely fixed from crossing symmetry (with the free parameter having the interpretation of the coupling). The method proposed here is a gauge invariant on-shell way to study gauge theories and this can be explored much further. In this paper we have focused in a four-dimensional example with a single scalar field, but there are very interesting examples in other dimensions. Interesting examples are susy gauge theories, such as N = 4 SYM, ABJM, etc, and Chern-Simons gauge theories coupled to matter [22, 23] , with or without supersymmetry. Some explicit results are known [24] .
It would be interesting to connect our methods to alternative bootstrap-inspired ways to obtain analytic information about the spectrum of interacting CFT. An example is the method developed in [25, 26] , based in the Mellin representation of correlators. It would be very interesting to combine the methods used in the present paper with the methods in those papers, for theories where the assumptions of [25, 26] hold. It is also tantalising to try to study sectors with large global quantum numbers with our methods. Certain universal semiclassical picture has been argued to arise in this limit, see e.g. [27] [28] [29] . These papers rely in the Lagrangian formulation of the theory, while our methods may provide a non-Lagrangian way of understanding the same physics. Another CFT method was developed in [30] . This method relies on the equations of motion, but is very powerful to first order in ǫ. On the other hand, the method presented here allows to "guess" the equations of motions and in principle extends to all orders in ǫ, but has not been used to study operators of the form ϕ n , with n > 2. It would be interesting to combine both methods.
It would be interesting to use the method proposed in this paper to look for new weakly coupled CFT's or give a complete classification of those. Our results suggest (and prove in many cases) that there is a one-to-one correspondence between solutions to the crossing equations around HS symmetric points and weakly coupled Lagrangians. This is a generalisation of the results of [31] to weakly coupled theories. It would be interesting to consider systems with more fields and more general global symmetries.
several applications we will be interested in the singular behaviour of H 
where only the first two terms are shown (but we can compute any arbitrary number of them). With this information we can completely build the functions q (m) (z,z) to any desired order.
asz → 1, to all orders in 1 −z. We will keep τ general, as four dimensional twist conformal blocks display interesting factorisation properties we want to show. The explicit expression for four-dimensional conformal blocks, plus the fact that divergent terms can arise only when summing over the spin, leads to the following factorised form These relations will be useful in the body of the paper.
B Finite support solutions
In this appendix we construct all solutions to crossing symmetry for the model introduced in section 2, with finite support in the spin. We work to first order in the breaking parameter. Let us consider the decomposition in conformal blocks
At g = 0 the intermediate states have twist τ = d − 2. As we turn on g, these operators, together with the external operator, may acquire an anomalous dimension:
The strategy to obtain a closed equation for the spectrum at order g is to expand G(u, v) up to this order, and keep the terms proportional to log u log v. The same idea was used to construct solutions around generalised free fields in four dimensions in [31] . The piece proportional to log u can only arise from the expansion of u τ /2 :
Next, we would like to keep the piece proportional to log v. A difficulty for the present case is that the explicit expression for conformal blocks is not known. We are interested in the piece proportional to log v in a small u, v expansion. This piece takes the form 
This is an equation for γ
0 , γ
2 , ..., γ
L . We have solved this equation for different values of L. We find that non-trivial solutions are only possible for d = 4. Furthermore, they take a very simple form: γ 
